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We study synchronization in a two-node network built out of the smallest possible self-sustained
oscillator: a spin 1. We first demonstrate that phase locking between the quantum oscillators
can be achieved, even for limit cycles that cannot be synchronized to an external semi-classical
signal. Building upon the analytical description of the system, we then clarify the relation between
quantum synchronization and the generation of entanglement. These findings establish the spin-
based architecture as a promising platform for understanding synchronization in complex quantum
networks.
Introduction.– Synchronization describes the tendency
of self-sustained oscillators to adjust their intrinsic
rhythm when weakly interacting [1]. The first step to-
wards studying synchronization in quantum networks is
to address the case of two coupled limit cycles. Sig-
nificant progress has been made in this direction by
considering classically-inspired systems operating in the
quantum regime, such as masers [2], Van der Pol [3, 4],
Kerr-anharmonic [5] or optomechanical oscillators [6]. In
this Letter, we depart from this approach and instead
consider quantum systems with no classical analogue.
Specifically, we consider a pair of spins 1, which has re-
cently been shown to be the smallest possible unit for a
quantum network [7]. An advantage of the spin-based ar-
chitecture is the manageable size of the resulting Hilbert
space, for which numerics are inexpensive in computa-
tional power and do not require any truncation. More-
over, synchronization being a perturbation effect, we can
analytically derive all its features by performing a first-
order expansion in the interaction strength, yielding a
simple description of the phenomenon.
Previous studies [3, 8] found that the phase locking of
two Van der Pol oscillators coupled via a coherent in-
teraction does not survive in the quantum regime. We
thus first address the question whether the spins are able
to phase lock at all. Exploring the different parameter
regimes, we find that limit cycles with reversed dissipa-
tion rates synchronize best, while identical units are un-
able to adjust each other. More remarkably, phase lock-
ing is also achieved for limit cycles which could not be
synchronized to an external semi-classical signal [7].
In the presence of noise, the tendency towards phase
locking of oscillators can be assessed by computing the
distribution of their relative phase [1], which for quan-
tum systems is contained in the phase-space quasidistri-
bution. This method is unambiguous as it is explicitly
formulated with respect to the phase variable of inter-
est [9]. Yet, it would be appealing to identify a parameter
which is not tied to a specific system, while still providing
a conclusive measure of phase locking. The fundamen-
tal question at stake behind this objective is to grasp
the essence of the synchronization phenomenon when ap-
plied to quantum systems, thereby revealing the common
features shared by all types of networks in this regime.
Observing that at the core of phase locking lies the cre-
 dj
<latexit sha1_base64="4jgomSlFR3YJimMxD0Vq+gV6Bf0=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUzSaY3Ni8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73STwU2lZrwVjZnZufqG4WFpaXlldK69vXKZxJjzueHEQi6bLUh74EXekLwPeTARnoRvwhjs4UfHGPRepH0c Xcpjwdsj6kd/zPSaJumr1WRiyzt1Nt1OuWFVLL3Ma2DmoIF/1uPyCFrqI4SFDCI4IknAAhpSea9iwkBDXxog4QcjXcY4xSqTNKItTBiN2QN8+7a5zNqK98ky12qNTAnoFKU3skCamPEFYnWbqeKadFfub 90h7qrsN6e/mXiGxErfE/qWbZP5Xp2qR6OFQ1+BTTYlmVHVe7pLprqibm1+qkuSQEKdwl+KCsKeVkz6bWpPq2lVvmY6/6UzFqr2X52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6wi Oe8GycGZkxMsafqUYh12zi2zIePgBnw5Md</latexit><latexit sha1_base64="4jgomSlFR3YJimMxD0Vq+gV6Bf0=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUzSaY3Ni8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73STwU2lZrwVjZnZufqG4WFpaXlldK69vXKZxJjzueHEQi6bLUh74EXekLwPeTARnoRvwhjs4UfHGPRepH0c Xcpjwdsj6kd/zPSaJumr1WRiyzt1Nt1OuWFVLL3Ma2DmoIF/1uPyCFrqI4SFDCI4IknAAhpSea9iwkBDXxog4QcjXcY4xSqTNKItTBiN2QN8+7a5zNqK98ky12qNTAnoFKU3skCamPEFYnWbqeKadFfub 90h7qrsN6e/mXiGxErfE/qWbZP5Xp2qR6OFQ1+BTTYlmVHVe7pLprqibm1+qkuSQEKdwl+KCsKeVkz6bWpPq2lVvmY6/6UzFqr2X52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6wi Oe8GycGZkxMsafqUYh12zi2zIePgBnw5Md</latexit><latexit sha1_base64="4jgomSlFR3YJimMxD0Vq+gV6Bf0=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUzSaY3Ni8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73STwU2lZrwVjZnZufqG4WFpaXlldK69vXKZxJjzueHEQi6bLUh74EXekLwPeTARnoRvwhjs4UfHGPRepH0c Xcpjwdsj6kd/zPSaJumr1WRiyzt1Nt1OuWFVLL3Ma2DmoIF/1uPyCFrqI4SFDCI4IknAAhpSea9iwkBDXxog4QcjXcY4xSqTNKItTBiN2QN8+7a5zNqK98ky12qNTAnoFKU3skCamPEFYnWbqeKadFfub 90h7qrsN6e/mXiGxErfE/qWbZP5Xp2qR6OFQ1+BTTYlmVHVe7pLprqibm1+qkuSQEKdwl+KCsKeVkz6bWpPq2lVvmY6/6UzFqr2X52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6wi Oe8GycGZkxMsafqUYh12zi2zIePgBnw5Md</latexit><latexit sha1_base64="4jgomSlFR3YJimMxD0Vq+gV6Bf0=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUzSaY3Ni8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73STwU2lZrwVjZnZufqG4WFpaXlldK69vXKZxJjzueHEQi6bLUh74EXekLwPeTARnoRvwhjs4UfHGPRepH0c Xcpjwdsj6kd/zPSaJumr1WRiyzt1Nt1OuWFVLL3Ma2DmoIF/1uPyCFrqI4SFDCI4IknAAhpSea9iwkBDXxog4QcjXcY4xSqTNKItTBiN2QN8+7a5zNqK98ky12qNTAnoFKU3skCamPEFYnWbqeKadFfub 90h7qrsN6e/mXiGxErfE/qWbZP5Xp2qR6OFQ1+BTTYlmVHVe7pLprqibm1+qkuSQEKdwl+KCsKeVkz6bWpPq2lVvmY6/6UzFqr2X52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6wi Oe8GycGZkxMsafqUYh12zi2zIePgBnw5Md</latexit>
 gj
<latexit sha1_base64="GJ1wHFeoK0/RbL+AaFgY/wijdfc=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUym0xqbF8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73dj3UmlZrwVjZnZufqG4WFpaXlldK69vXKZRlnDh8MiPkqbLUuF7oXCkJ33RjBPBAtcXDXdwouKNe5GkXhR eyGEs2gHrh17P40wSddXqsyBgnbubfqdcsaqWXuY0sHNQQb7qUfkFLXQRgSNDAIEQkrAPhpSea9iwEBPXxoi4hJCn4wJjlEibUZagDEbsgL592l3nbEh75ZlqNadTfHoTUprYIU1EeQlhdZqp45l2Vuxv3 iPtqe42pL+bewXEStwS+5dukvlfnapFoodDXYNHNcWaUdXx3CXTXVE3N79UJckhJk7hLsUTwlwrJ302tSbVtaveMh1/05mKVXue52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6xC Oe8GycGZkxMsafqUYh12zi2zIePgBu4JMg</latexit><latexit sha1_base64="GJ1wHFeoK0/RbL+AaFgY/wijdfc=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUym0xqbF8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73dj3UmlZrwVjZnZufqG4WFpaXlldK69vXKZRlnDh8MiPkqbLUuF7oXCkJ33RjBPBAtcXDXdwouKNe5GkXhR eyGEs2gHrh17P40wSddXqsyBgnbubfqdcsaqWXuY0sHNQQb7qUfkFLXQRgSNDAIEQkrAPhpSea9iwEBPXxoi4hJCn4wJjlEibUZagDEbsgL592l3nbEh75ZlqNadTfHoTUprYIU1EeQlhdZqp45l2Vuxv3 iPtqe42pL+bewXEStwS+5dukvlfnapFoodDXYNHNcWaUdXx3CXTXVE3N79UJckhJk7hLsUTwlwrJ302tSbVtaveMh1/05mKVXue52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6xC Oe8GycGZkxMsafqUYh12zi2zIePgBu4JMg</latexit><latexit sha1_base64="GJ1wHFeoK0/RbL+AaFgY/wijdfc=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUym0xqbF8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73dj3UmlZrwVjZnZufqG4WFpaXlldK69vXKZRlnDh8MiPkqbLUuF7oXCkJ33RjBPBAtcXDXdwouKNe5GkXhR eyGEs2gHrh17P40wSddXqsyBgnbubfqdcsaqWXuY0sHNQQb7qUfkFLXQRgSNDAIEQkrAPhpSea9iwEBPXxoi4hJCn4wJjlEibUZagDEbsgL592l3nbEh75ZlqNadTfHoTUprYIU1EeQlhdZqp45l2Vuxv3 iPtqe42pL+bewXEStwS+5dukvlfnapFoodDXYNHNcWaUdXx3CXTXVE3N79UJckhJk7hLsUTwlwrJ302tSbVtaveMh1/05mKVXue52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6xC Oe8GycGZkxMsafqUYh12zi2zIePgBu4JMg</latexit><latexit sha1_base64="GJ1wHFeoK0/RbL+AaFgY/wijdfc=">AAACzHicjVHLSsNAFD2Nr1pfV ZdugkVwVRIR1F3RjTsrGFu0tUym0xqbF8lEKKVbv8Ct/pb4B/oX3hlTUIvohCRnzr3nzNx73dj3UmlZrwVjZnZufqG4WFpaXlldK69vXKZRlnDh8MiPkqbLUuF7oXCkJ33RjBPBAtcXDXdwouKNe5GkXhR eyGEs2gHrh17P40wSddXqsyBgnbubfqdcsaqWXuY0sHNQQb7qUfkFLXQRgSNDAIEQkrAPhpSea9iwEBPXxoi4hJCn4wJjlEibUZagDEbsgL592l3nbEh75ZlqNadTfHoTUprYIU1EeQlhdZqp45l2Vuxv3 iPtqe42pL+bewXEStwS+5dukvlfnapFoodDXYNHNcWaUdXx3CXTXVE3N79UJckhJk7hLsUTwlwrJ302tSbVtaveMh1/05mKVXue52Z4V7ekAds/xzkNnL3qUdU+36/UjvNJF7GFbezSOA9QwynqcMg6xC Oe8GycGZkxMsafqUYh12zi2zIePgBu4JMg</latexit>
!j
<latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit><latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit><latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit><latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit>
|0ij
<latexit sha1_base64="j9aODRv7WE2iR63XN7dwgQnfzfY=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTMpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAW8CT2w==</latexit><latexit sha1_base64="j9aODRv7WE2iR63XN7dwgQnfzfY=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTMpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAW8CT2w==</latexit><latexit sha1_base64="j9aODRv7WE2iR63XN7dwgQnfzfY=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTMpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAW8CT2w==</latexit><latexit sha1_base64="j9aODRv7WE2iR63XN7dwgQnfzfY=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTMpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAW8CT2w==</latexit>
| 1ij
<latexit sha1_base64="U3AcwwauRzaiVOMxqYfJDsIowRA=">AAAC1nicjVHLTsJAFD3UF+Kr4tJNkZi4kbTGRN0R3bjERAQDhrRlwEppm+nUSNC4Mm79Arf6R8Y/0L/wzlgSlRidpu2Zc+85M/ deJ/K9WJjma0abmJyansnO5ubmFxaX9OX8SRwm3GVVN/RDXnfsmPlewKrCEz6rR5zZfcdnNad3IOO1S8ZjLwyOxSBiZ327G3gdz7UFUS09f200C5vNgmU0uR10fda6aOlFs2SqZYwDKwVFpKsS6i9ooo0QLhL0wRBAEPZhI6anAQsmIuLOMCSOE/JUnOEGOdImlMUowya2R98u7RopG9BeesZK7dIpPr2clAbWSRNSHicsTzNUPFHOkv3Ne6g85d0G9HdSrz6xAufE/qUbZf5XJ2sR6GBX1eBRTZFiZHVu 6pKorsibG1+qEuQQESdxm+KcsKuUoz4bShOr2mVvbRV/U5mSlXs3zU3wLm9JA7Z+jnMcVLdKeyXraLtY3k8nncUq1rBB49xBGYeooErWV3jEE561U+1Wu9PuP1O1TKpZwbelPXwAe/6VZg==</latexit><latexit sha1_base64="U3AcwwauRzaiVOMxqYfJDsIowRA=">AAAC1nicjVHLTsJAFD3UF+Kr4tJNkZi4kbTGRN0R3bjERAQDhrRlwEppm+nUSNC4Mm79Arf6R8Y/0L/wzlgSlRidpu2Zc+85M/ deJ/K9WJjma0abmJyansnO5ubmFxaX9OX8SRwm3GVVN/RDXnfsmPlewKrCEz6rR5zZfcdnNad3IOO1S8ZjLwyOxSBiZ327G3gdz7UFUS09f200C5vNgmU0uR10fda6aOlFs2SqZYwDKwVFpKsS6i9ooo0QLhL0wRBAEPZhI6anAQsmIuLOMCSOE/JUnOEGOdImlMUowya2R98u7RopG9BeesZK7dIpPr2clAbWSRNSHicsTzNUPFHOkv3Ne6g85d0G9HdSrz6xAufE/qUbZf5XJ2sR6GBX1eBRTZFiZHVu 6pKorsibG1+qEuQQESdxm+KcsKuUoz4bShOr2mVvbRV/U5mSlXs3zU3wLm9JA7Z+jnMcVLdKeyXraLtY3k8nncUq1rBB49xBGYeooErWV3jEE561U+1Wu9PuP1O1TKpZwbelPXwAe/6VZg==</latexit><latexit sha1_base64="U3AcwwauRzaiVOMxqYfJDsIowRA=">AAAC1nicjVHLTsJAFD3UF+Kr4tJNkZi4kbTGRN0R3bjERAQDhrRlwEppm+nUSNC4Mm79Arf6R8Y/0L/wzlgSlRidpu2Zc+85M/ deJ/K9WJjma0abmJyansnO5ubmFxaX9OX8SRwm3GVVN/RDXnfsmPlewKrCEz6rR5zZfcdnNad3IOO1S8ZjLwyOxSBiZ327G3gdz7UFUS09f200C5vNgmU0uR10fda6aOlFs2SqZYwDKwVFpKsS6i9ooo0QLhL0wRBAEPZhI6anAQsmIuLOMCSOE/JUnOEGOdImlMUowya2R98u7RopG9BeesZK7dIpPr2clAbWSRNSHicsTzNUPFHOkv3Ne6g85d0G9HdSrz6xAufE/qUbZf5XJ2sR6GBX1eBRTZFiZHVu 6pKorsibG1+qEuQQESdxm+KcsKuUoz4bShOr2mVvbRV/U5mSlXs3zU3wLm9JA7Z+jnMcVLdKeyXraLtY3k8nncUq1rBB49xBGYeooErWV3jEE561U+1Wu9PuP1O1TKpZwbelPXwAe/6VZg==</latexit><latexit sha1_base64="U3AcwwauRzaiVOMxqYfJDsIowRA=">AAAC1nicjVHLTsJAFD3UF+Kr4tJNkZi4kbTGRN0R3bjERAQDhrRlwEppm+nUSNC4Mm79Arf6R8Y/0L/wzlgSlRidpu2Zc+85M/ deJ/K9WJjma0abmJyansnO5ubmFxaX9OX8SRwm3GVVN/RDXnfsmPlewKrCEz6rR5zZfcdnNad3IOO1S8ZjLwyOxSBiZ327G3gdz7UFUS09f200C5vNgmU0uR10fda6aOlFs2SqZYwDKwVFpKsS6i9ooo0QLhL0wRBAEPZhI6anAQsmIuLOMCSOE/JUnOEGOdImlMUowya2R98u7RopG9BeesZK7dIpPr2clAbWSRNSHicsTzNUPFHOkv3Ne6g85d0G9HdSrz6xAufE/qUbZf5XJ2sR6GBX1eBRTZFiZHVu 6pKorsibG1+qEuQQESdxm+KcsKuUoz4bShOr2mVvbRV/U5mSlXs3zU3wLm9JA7Z+jnMcVLdKeyXraLtY3k8nncUq1rBB49xBGYeooErWV3jEE561U+1Wu9PuP1O1TKpZwbelPXwAe/6VZg==</latexit>
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<latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit><latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit><latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit><latexit sha1_base64="dS0bKRRU36+pZS5yheQDKeus+Vs=">AAACynicjVHLSsNAFD2Nr1p fVZdugkVwVVIR1F3RjRuhgrGFtpRkOq1j8yKZCKW48wvc6n+Jf6B/4Z1xCmoRnZDkzLnn3Jl7r58EIpOO81qw5uYXFpeKy6WV1bX1jfLm1nUW5ynjLouDOG35XsYDEXFXChnwVpJyL/QD3vRHZyre vONpJuLoSo4T3g29YSQGgnmSqFYnDvnQ6932yhWn6uhlz4KaARWY1YjLL+igjxgMOUJwRJCEA3jI6GmjBgcJcV1MiEsJCR3nuEeJvDmpOCk8Ykf0HdKubdiI9ipnpt2MTgnoTclpY488MelSwuo0W 8dznVmxv+We6JzqbmP6+yZXSKzEDbF/+abK//pULRIDHOsaBNWUaEZVx0yWXHdF3dz+UpWkDAlxCvcpnhJm2jnts609ma5d9dbT8TetVKzaM6PN8a5uSQOu/RznLHAPqifV2uVhpX5qJl3EDnaxT+M 8Qh3naMDVY3zEE56tCyuzxtbkU2oVjGcb35b18AFX0ZJN</latexit>
|1ij
<latexit sha1_base64="lMQu2s2XM5oybTng0ZuSZBGN+xw=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTNpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAXimT3A==</latexit><latexit sha1_base64="lMQu2s2XM5oybTng0ZuSZBGN+xw=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTNpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAXimT3A==</latexit><latexit sha1_base64="lMQu2s2XM5oybTng0ZuSZBGN+xw=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTNpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAXimT3A==</latexit><latexit sha1_base64="lMQu2s2XM5oybTng0ZuSZBGN+xw=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F3RjcsqxhbaIsl0WmPTJE4mYqmKW7/ArX6V+Af6F94ZU1CL6IQkZ86958zce7 048BNpWa85Y2JyanomP1uYm19YXCour5wmUSoYd1gURKLuuQkP/JA70pcBr8eCu30v4DWvd6DitSsuEj8KT+Qg5q2+2w39js9cSVTrxrTNpnDDbsDPLs6KJats6WWOAzsDJWSrGhVf0EQbERhS9MERQhIO4CKhpwEbFmLiWhgSJwj5Os5xiwJpU8rilOES26Nvl3aNjA1przwTrWZ0SkCvIKWJDdJElCcIq9NMHU+1s2J/8x5qT3W3Af29zKtPrMQ5sX/pRpn/1alaJDrY1TX4VFOsGVUdy1xS3RV1c/NL VZIcYuIUblNcEGZaOeqzqTWJrl311tXxN52pWLVnWW6Kd3VLGrD9c5zjwNkq75Xto+1SZT+bdB5rWMcmjXMHFRyiCoesL/GIJzwbx8a1cWfcf6YauUyzim/LePgAXimT3A==</latexit>
j = A,B
<latexit sha1_base64="zez5xriZqo1jPk4E49AUiSGk8ew=">AAADG3icjVFPT9RAHH3Uf4h/WOXopXFj4oFsptBltwcTwAtHTFyWZNmQtgxr ods206kJ2fSr8E24eTJejfHsBRP5DrwZSqIQo9O0ffN+772Z30xUpEmphfg+59y5e+/+g/mHC48eP3m62Hr2fKfMKxXLQZynudqNwlKmSSYHOtGp3C2UDKdRKofR8VtTH36Uqkzy7L0+KeR4Gk6y5DCJQ01qvzU8ejPbszEjNYnGM9ERq13RC5ZFx+uuCL9PEAQ+cb1RL9+QBl1vredT4fdFEAjj8fy 1XlBv1vutNqPscG8DrwFtNGM7b33DHg6QI0aFKSQyaOIUIUo+I3gQKMiNMSOniBJbl6ixQG9FlaQiJHvM74SzUcNmnJvM0rpjrpLyVXS6eEVPTp0iNqu5tl7ZZMP+LXtmM83eTviPmqwpWY0PZP/lu1b+r8/0onGIvu0hYU+FZUx3cZNS2VMxO3d/60ozoSBn8AHriji2zutzdq2ntL2bsw1t/dwqDW vmcaOt8NPskhfs3bzO22Cw0gk63ju/vb7Z3PQ8XuAlXvM6e1jHFrYxYPQZfuAXLpxT55Pz2flyJXXmGs8S/hjO10szIKrA</latexit><latexit sha1_base64="zez5xriZqo1jPk4E49AUiSGk8ew=">AAADG3icjVFPT9RAHH3Uf4h/WOXopXFj4oFsptBltwcTwAtHTFyWZNmQtgxr ods206kJ2fSr8E24eTJejfHsBRP5DrwZSqIQo9O0ffN+772Z30xUpEmphfg+59y5e+/+g/mHC48eP3m62Hr2fKfMKxXLQZynudqNwlKmSSYHOtGp3C2UDKdRKofR8VtTH36Uqkzy7L0+KeR4Gk6y5DCJQ01qvzU8ejPbszEjNYnGM9ERq13RC5ZFx+uuCL9PEAQ+cb1RL9+QBl1vredT4fdFEAjj8fy 1XlBv1vutNqPscG8DrwFtNGM7b33DHg6QI0aFKSQyaOIUIUo+I3gQKMiNMSOniBJbl6ixQG9FlaQiJHvM74SzUcNmnJvM0rpjrpLyVXS6eEVPTp0iNqu5tl7ZZMP+LXtmM83eTviPmqwpWY0PZP/lu1b+r8/0onGIvu0hYU+FZUx3cZNS2VMxO3d/60ozoSBn8AHriji2zutzdq2ntL2bsw1t/dwqDW vmcaOt8NPskhfs3bzO22Cw0gk63ju/vb7Z3PQ8XuAlXvM6e1jHFrYxYPQZfuAXLpxT55Pz2flyJXXmGs8S/hjO10szIKrA</latexit><latexit sha1_base64="zez5xriZqo1jPk4E49AUiSGk8ew=">AAADG3icjVFPT9RAHH3Uf4h/WOXopXFj4oFsptBltwcTwAtHTFyWZNmQtgxr ods206kJ2fSr8E24eTJejfHsBRP5DrwZSqIQo9O0ffN+772Z30xUpEmphfg+59y5e+/+g/mHC48eP3m62Hr2fKfMKxXLQZynudqNwlKmSSYHOtGp3C2UDKdRKofR8VtTH36Uqkzy7L0+KeR4Gk6y5DCJQ01qvzU8ejPbszEjNYnGM9ERq13RC5ZFx+uuCL9PEAQ+cb1RL9+QBl1vredT4fdFEAjj8fy 1XlBv1vutNqPscG8DrwFtNGM7b33DHg6QI0aFKSQyaOIUIUo+I3gQKMiNMSOniBJbl6ixQG9FlaQiJHvM74SzUcNmnJvM0rpjrpLyVXS6eEVPTp0iNqu5tl7ZZMP+LXtmM83eTviPmqwpWY0PZP/lu1b+r8/0onGIvu0hYU+FZUx3cZNS2VMxO3d/60ozoSBn8AHriji2zutzdq2ntL2bsw1t/dwqDW vmcaOt8NPskhfs3bzO22Cw0gk63ju/vb7Z3PQ8XuAlXvM6e1jHFrYxYPQZfuAXLpxT55Pz2flyJXXmGs8S/hjO10szIKrA</latexit><latexit sha1_base64="zez5xriZqo1jPk4E49AUiSGk8ew=">AAADG3icjVFPT9RAHH3Uf4h/WOXopXFj4oFsptBltwcTwAtHTFyWZNmQtgxr ods206kJ2fSr8E24eTJejfHsBRP5DrwZSqIQo9O0ffN+772Z30xUpEmphfg+59y5e+/+g/mHC48eP3m62Hr2fKfMKxXLQZynudqNwlKmSSYHOtGp3C2UDKdRKofR8VtTH36Uqkzy7L0+KeR4Gk6y5DCJQ01qvzU8ejPbszEjNYnGM9ERq13RC5ZFx+uuCL9PEAQ+cb1RL9+QBl1vredT4fdFEAjj8fy 1XlBv1vutNqPscG8DrwFtNGM7b33DHg6QI0aFKSQyaOIUIUo+I3gQKMiNMSOniBJbl6ixQG9FlaQiJHvM74SzUcNmnJvM0rpjrpLyVXS6eEVPTp0iNqu5tl7ZZMP+LXtmM83eTviPmqwpWY0PZP/lu1b+r8/0onGIvu0hYU+FZUx3cZNS2VMxO3d/60ozoSBn8AHriji2zutzdq2ntL2bsw1t/dwqDW vmcaOt8NPskhfs3bzO22Cw0gk63ju/vb7Z3PQ8XuAlXvM6e1jHFrYxYPQZfuAXLpxT55Pz2flyJXXmGs8S/hjO10szIKrA</latexit>
spin B
<latexit sha1_base64="+WLqcAE1+PHBv0NHFJFUCceFXmo=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR 1F2pG5dVjC20RZJ0WgfTJCYTaSkVt36BW/0q8Q/0L7wzTkEtohOSnDn3njNz7/XigKfCsl5zxszs3PxCfrGwtLyyulZc37hIoyzxmeNHQZQ0PDdlAQ+ZI7gIWCNOmNv3Alb3ro9lvH7LkpRH4bkYxqzdd3sh73LfFUS1W4INxCiNeW iOq5fFklW21DKnga1BCXrVouILWugggo8MfTCEEIQDuEjpacKGhZi4NkbEJYS4ijOMUSBtRlmMMlxir+nbo11TsyHtpWeq1D6dEtCbkNLEDmkiyksIy9NMFc+Us2R/8x4pT3m3If097dUnVuCK2L90k8z/6mQtAl0cqho41RQrRlbna 5dMdUXe3PxSlSCHmDiJOxRPCPtKOemzqTSpql321lXxN5UpWbn3dW6Gd3lLGrD9c5zTwNkrH5Xt0/1SpaonnccWtrFL4zxABSeowSHrGzziCc/GmTEw7oz7z1QjpzWb+LaMhw/5oZSG</latexit><latexit sha1_base64="+WLqcAE1+PHBv0NHFJFUCceFXmo=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR 1F2pG5dVjC20RZJ0WgfTJCYTaSkVt36BW/0q8Q/0L7wzTkEtohOSnDn3njNz7/XigKfCsl5zxszs3PxCfrGwtLyyulZc37hIoyzxmeNHQZQ0PDdlAQ+ZI7gIWCNOmNv3Alb3ro9lvH7LkpRH4bkYxqzdd3sh73LfFUS1W4INxCiNeW iOq5fFklW21DKnga1BCXrVouILWugggo8MfTCEEIQDuEjpacKGhZi4NkbEJYS4ijOMUSBtRlmMMlxir+nbo11TsyHtpWeq1D6dEtCbkNLEDmkiyksIy9NMFc+Us2R/8x4pT3m3If097dUnVuCK2L90k8z/6mQtAl0cqho41RQrRlbna 5dMdUXe3PxSlSCHmDiJOxRPCPtKOemzqTSpql321lXxN5UpWbn3dW6Gd3lLGrD9c5zTwNkrH5Xt0/1SpaonnccWtrFL4zxABSeowSHrGzziCc/GmTEw7oz7z1QjpzWb+LaMhw/5oZSG</latexit><latexit sha1_base64="+WLqcAE1+PHBv0NHFJFUCceFXmo=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR 1F2pG5dVjC20RZJ0WgfTJCYTaSkVt36BW/0q8Q/0L7wzTkEtohOSnDn3njNz7/XigKfCsl5zxszs3PxCfrGwtLyyulZc37hIoyzxmeNHQZQ0PDdlAQ+ZI7gIWCNOmNv3Alb3ro9lvH7LkpRH4bkYxqzdd3sh73LfFUS1W4INxCiNeW iOq5fFklW21DKnga1BCXrVouILWugggo8MfTCEEIQDuEjpacKGhZi4NkbEJYS4ijOMUSBtRlmMMlxir+nbo11TsyHtpWeq1D6dEtCbkNLEDmkiyksIy9NMFc+Us2R/8x4pT3m3If097dUnVuCK2L90k8z/6mQtAl0cqho41RQrRlbna 5dMdUXe3PxSlSCHmDiJOxRPCPtKOemzqTSpql321lXxN5UpWbn3dW6Gd3lLGrD9c5zTwNkrH5Xt0/1SpaonnccWtrFL4zxABSeowSHrGzziCc/GmTEw7oz7z1QjpzWb+LaMhw/5oZSG</latexit><latexit sha1_base64="+WLqcAE1+PHBv0NHFJFUCceFXmo=">AAACz3icjVHLSsNAFD2Nr1pfVZdugkVwVRIR 1F2pG5dVjC20RZJ0WgfTJCYTaSkVt36BW/0q8Q/0L7wzTkEtohOSnDn3njNz7/XigKfCsl5zxszs3PxCfrGwtLyyulZc37hIoyzxmeNHQZQ0PDdlAQ+ZI7gIWCNOmNv3Alb3ro9lvH7LkpRH4bkYxqzdd3sh73LfFUS1W4INxCiNeW iOq5fFklW21DKnga1BCXrVouILWugggo8MfTCEEIQDuEjpacKGhZi4NkbEJYS4ijOMUSBtRlmMMlxir+nbo11TsyHtpWeq1D6dEtCbkNLEDmkiyksIy9NMFc+Us2R/8x4pT3m3If097dUnVuCK2L90k8z/6mQtAl0cqho41RQrRlbna 5dMdUXe3PxSlSCHmDiJOxRPCPtKOemzqTSpql321lXxN5UpWbn3dW6Gd3lLGrD9c5zTwNkrH5Xt0/1SpaonnccWtrFL4zxABSeowSHrGzziCc/GmTEw7oz7z1QjpzWb+LaMhw/5oZSG</latexit>
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FIG. 1. Synchronization of a pair of self-sustained oscilla-
tors. Each spin 1 is continuously stabilized to its respective
limit cycle. The question is whether the oscillators will tend
towards locking their relative phase when weakly coupled de-
spite not being necessarily identical.
ation of correlations between otherwise-independent os-
cillators, a measure of both classical and quantum corre-
lations has been proposed as a universal meter applicable
to any configuration: quantum mutual information [10].
In parallel, it has been suggested that the presence of en-
tanglement between the units certifies the onset of syn-
chronization, thereby yielding the equivalent of the clas-
sic Arnold tongue based on purely information-theoretic
reasoning [8]. Such a correspondence is reminiscent of the
proposed use of entanglement as a quantum signature of
chaos, recently explored experimentally in [11, 12]. En-
tanglement has also been suggested as a necessary in-
gredient in conformal field theories for the emergence
of space-time in the corresponding anti-de Sitter space
which describes gravity [13, 14].
In this work, we take advantage of the simplicity of the
system at hand and derive analytically the relation be-
tween synchronization and entanglement. We find that
while both the quantum mutual information and the
presence of entanglement appear to reproduce the Arnold
tongue, they do not provide a conclusive measure of syn-
chronization. An explanation in terms of the Schmidt
decomposition is provided and an illustration of this re-
sult is shown where the entanglement is found to increase
as synchronization is suppressed.
The model.– As illustrated in Fig. 1, we consider two
spins 1 weakly interacting via the exchange Hamiltonian
Vˆ = i~
ε
2
(
Sˆ+A Sˆ
−
B − Sˆ+B Sˆ−A
)
, (1)
where Sˆ+j (Sˆ
−
j ) is the raising (lowering) operator of spin
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2j. This corresponds to replacing the semi-classical drive
of an externally-driven unit by a second quantum unit.
At the same time, each spin is independently stabilized to
their respective limit cycle by the Lindblad superoperator
Lj ρˆ = γ
g
j
2 D[Sˆ+j Sˆzj ]ρˆ+
γdj
2 D[Sˆ−j Sˆzj ]ρˆ with D[Oˆ]ρˆ = OˆρˆOˆ†−
1
2
{
Oˆ†Oˆ, ρˆ
}
, and the gain γgj and damping γ
d
j rates [7].
Consequently, the evolution of the system is described by
the master equation
˙ˆρ = − i
~
[
Vˆ , ρˆ
]
+
∑
j=A,B
−i
[
ωjSˆ
z
j , ρˆ
]
+ Lj ρˆ, (2)
where the precession frequencies ωj could in principle be
mismatched, ∆ = ωA − ωB 6= 0.
In the absence of interaction, the steady-state descrip-
tion of the system is given by ρˆ0 = |0〉〈0|A ⊗ |0〉〈0|B ,
with both spins appearing to possess identical limit cy-
cles. However, it is important to note that the spins,
while being stabilized to the same target state, do not
react in the same way to perturbations. In practice, the
way they return to their limit cycle is determined by the
relative strength of gain γgj and damping γ
d
j . As we will
see below, the possibility of stabilizing the spins differ-
ently will crucially impact the achievable phase locking,
and also be a key component in understanding the role
of entanglement.
Adopting the techniques introduced in Ref. [7], we use
the Husimi Q function as a phase-space distribution from
which we define the following measure of synchronization
Srel(φ) = −1/2pi+ (3)∫ 2pi
0
dφB
∫ pi
0
dθA
∫ pi
0
dθB sin θA sin θB Q(θA, θB , φ+ φB , φB).
This quantity is formulated explicitly in terms of the rel-
ative phase φ = φA − φB and allows to assess whether
the spins show any tendency towards phase locking. If
no fixed phase relation is established, e.g. in the absence
of interaction, it remains identically null everywhere.
To provide a complete picture, we also consider the re-
duced state of each unit, which is obtained by performing
a partial trace over the other spin ρˆA = TrB [ρˆ] and sim-
ilarly for ρˆB . The corresponding phase distribution is
then given by pj(φ) =
∫ pi
0
dθ sin θ Qj(θ, φ)− 1/2pi.
Quantum synchronization.– The minimal dimension of
the combined Hilbert space dim(HA ⊗ HB) = 9 allows
to solve numerically for the steady state of the master
equation (2) with no effort. The results are illustrated in
Fig. 2 where we have fixed the limit cycles to be inverted,
i.e., γdA = γ
g
B and γ
g
A = γ
d
B . Comparing Fig. 2(a) with
(b), we find that upon switching on the interaction Vˆ the
spins develop a pronounced in-phase locking of their rel-
ative phase. Moreover, each spin seems to be unaffected
when tracing out over the other one, as can be seen from
QA and QB which resemble the unsynchronized limit cy-
cle with a symmetric distribution of the individual phases
pA = pB = 0. This follows from the reduced state of each
-��� -��� ��� ��� ���-����
-��������
����
����
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QB
<latexit sha1_base64="4b2Q4EJUoU7KjMDFfIXi76brg9Y=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F2pmy5bNLZQS0nSaR2aF5NJoRTx C9zqp4l/oH/hnTEFtYhOSHLm3HvOzL3XSwKeSst6LRhLyyura8X10sbm1vZOeXfvJo0z4TPHj4NYdDw3ZQGPmCO5DFgnEcwNvYC1vfGlircnTKQ8jq7lNGG90B1FfMh9VxJ11erX++WKVbX0MheBnYMK8tWMyy+4xQAxfGQIwRBBEg7gIqWnCxsWEuJ6mBEnCHEdZ7hHibQZZTHKcIkd03dEu27ORrRXnqlW+3R KQK8gpYkj0sSUJwir00wdz7SzYn/znmlPdbcp/b3cKyRW4o7Yv3TzzP/qVC0SQ5zrGjjVlGhGVefnLpnuirq5+aUqSQ4JcQoPKC4I+1o577OpNamuXfXW1fE3nalYtffz3Azv6pY0YPvnOBeBc1K9qNqt00qtnk+6iAMc4pjGeYYaGmjCIesRHvGEZ6NhRIY0Jp+pRiHX7OPbMh4+AEQoj98=</latexit><latexit sha1_base64="4b2Q4EJUoU7KjMDFfIXi76brg9Y=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F2pmy5bNLZQS0nSaR2aF5NJoRTx C9zqp4l/oH/hnTEFtYhOSHLm3HvOzL3XSwKeSst6LRhLyyura8X10sbm1vZOeXfvJo0z4TPHj4NYdDw3ZQGPmCO5DFgnEcwNvYC1vfGlircnTKQ8jq7lNGG90B1FfMh9VxJ11erX++WKVbX0MheBnYMK8tWMyy+4xQAxfGQIwRBBEg7gIqWnCxsWEuJ6mBEnCHEdZ7hHibQZZTHKcIkd03dEu27ORrRXnqlW+3R KQK8gpYkj0sSUJwir00wdz7SzYn/znmlPdbcp/b3cKyRW4o7Yv3TzzP/qVC0SQ5zrGjjVlGhGVefnLpnuirq5+aUqSQ4JcQoPKC4I+1o577OpNamuXfXW1fE3nalYtffz3Azv6pY0YPvnOBeBc1K9qNqt00qtnk+6iAMc4pjGeYYaGmjCIesRHvGEZ6NhRIY0Jp+pRiHX7OPbMh4+AEQoj98=</latexit><latexit sha1_base64="4b2Q4EJUoU7KjMDFfIXi76brg9Y=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F2pmy5bNLZQS0nSaR2aF5NJoRTx C9zqp4l/oH/hnTEFtYhOSHLm3HvOzL3XSwKeSst6LRhLyyura8X10sbm1vZOeXfvJo0z4TPHj4NYdDw3ZQGPmCO5DFgnEcwNvYC1vfGlircnTKQ8jq7lNGG90B1FfMh9VxJ11erX++WKVbX0MheBnYMK8tWMyy+4xQAxfGQIwRBBEg7gIqWnCxsWEuJ6mBEnCHEdZ7hHibQZZTHKcIkd03dEu27ORrRXnqlW+3R KQK8gpYkj0sSUJwir00wdz7SzYn/znmlPdbcp/b3cKyRW4o7Yv3TzzP/qVC0SQ5zrGjjVlGhGVefnLpnuirq5+aUqSQ4JcQoPKC4I+1o577OpNamuXfXW1fE3nalYtffz3Azv6pY0YPvnOBeBc1K9qNqt00qtnk+6iAMc4pjGeYYaGmjCIesRHvGEZ6NhRIY0Jp+pRiHX7OPbMh4+AEQoj98=</latexit><latexit sha1_base64="4b2Q4EJUoU7KjMDFfIXi76brg9Y=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIR1F2pmy5bNLZQS0nSaR2aF5NJoRTx C9zqp4l/oH/hnTEFtYhOSHLm3HvOzL3XSwKeSst6LRhLyyura8X10sbm1vZOeXfvJo0z4TPHj4NYdDw3ZQGPmCO5DFgnEcwNvYC1vfGlircnTKQ8jq7lNGG90B1FfMh9VxJ11erX++WKVbX0MheBnYMK8tWMyy+4xQAxfGQIwRBBEg7gIqWnCxsWEuJ6mBEnCHEdZ7hHibQZZTHKcIkd03dEu27ORrRXnqlW+3R KQK8gpYkj0sSUJwir00wdz7SzYn/znmlPdbcp/b3cKyRW4o7Yv3TzzP/qVC0SQ5zrGjjVlGhGVefnLpnuirq5+aUqSQ4JcQoPKC4I+1o577OpNamuXfXW1fE3nalYtffz3Azv6pY0YPvnOBeBc1K9qNqt00qtnk+6iAMc4pjGeYYaGmjCIesRHvGEZ6NhRIY0Jp+pRiHX7OPbMh4+AEQoj98=</latexit>
pA, pB , Srel
<latexit sha1_base64="u5QNFssLYL0qmwR5eQkhZnTbciQ=">AAAC2HicjVHLTsJAFD3UF+ILHzs3jcTEBSHFmKg7xI1LjCIkQJq2DNhQ2mY6NSJh4cq49Qvc6g8Z/0D/ wjtjSVRidJq2Z86958zce+3QcyNhGK8pbWp6ZnYuPZ9ZWFxaXsmurl1EQcwdVnUCL+B124qY5/qsKlzhsXrImdW3PVaze8cyXrtiPHID/1wMQtbqW13f7biOJYgysxuheZQPzXL+zGwKdi2GnHkjM5szCoZa+iQoJiCHZFWC7AuaaCOAgxh9MPgQhD1YiOhpoAgDIXEtDInjhFwVZxghQ9qYshhlWMT26NulXSNhfdpLz0ipHTrFo5eTUsc2aQLK44Tlab qKx8pZsr95D5WnvNuA/nbi1SdW4JLYv3TjzP/qZC0CHRyoGlyqKVSMrM5JXGLVFXlz/UtVghxC4iRuU5wTdpRy3GddaSJVu+ytpeJvKlOycu8kuTHe5S1pwMWf45wE1d3CYaF4upcrlZNJp7GJLezQOPdRwgkqqJL1DR7xhGetod1qd9r9Z6qWSjTr+La0hw83FJdP</latexit><latexit sha1_base64="u5QNFssLYL0qmwR5eQkhZnTbciQ=">AAAC2HicjVHLTsJAFD3UF+ILHzs3jcTEBSHFmKg7xI1LjCIkQJq2DNhQ2mY6NSJh4cq49Qvc6g8Z/0D/ wjtjSVRidJq2Z86958zce+3QcyNhGK8pbWp6ZnYuPZ9ZWFxaXsmurl1EQcwdVnUCL+B124qY5/qsKlzhsXrImdW3PVaze8cyXrtiPHID/1wMQtbqW13f7biOJYgysxuheZQPzXL+zGwKdi2GnHkjM5szCoZa+iQoJiCHZFWC7AuaaCOAgxh9MPgQhD1YiOhpoAgDIXEtDInjhFwVZxghQ9qYshhlWMT26NulXSNhfdpLz0ipHTrFo5eTUsc2aQLK44Tlab qKx8pZsr95D5WnvNuA/nbi1SdW4JLYv3TjzP/qZC0CHRyoGlyqKVSMrM5JXGLVFXlz/UtVghxC4iRuU5wTdpRy3GddaSJVu+ytpeJvKlOycu8kuTHe5S1pwMWf45wE1d3CYaF4upcrlZNJp7GJLezQOPdRwgkqqJL1DR7xhGetod1qd9r9Z6qWSjTr+La0hw83FJdP</latexit><latexit sha1_base64="u5QNFssLYL0qmwR5eQkhZnTbciQ=">AAAC2HicjVHLTsJAFD3UF+ILHzs3jcTEBSHFmKg7xI1LjCIkQJq2DNhQ2mY6NSJh4cq49Qvc6g8Z/0D/ wjtjSVRidJq2Z86958zce+3QcyNhGK8pbWp6ZnYuPZ9ZWFxaXsmurl1EQcwdVnUCL+B124qY5/qsKlzhsXrImdW3PVaze8cyXrtiPHID/1wMQtbqW13f7biOJYgysxuheZQPzXL+zGwKdi2GnHkjM5szCoZa+iQoJiCHZFWC7AuaaCOAgxh9MPgQhD1YiOhpoAgDIXEtDInjhFwVZxghQ9qYshhlWMT26NulXSNhfdpLz0ipHTrFo5eTUsc2aQLK44Tlab qKx8pZsr95D5WnvNuA/nbi1SdW4JLYv3TjzP/qZC0CHRyoGlyqKVSMrM5JXGLVFXlz/UtVghxC4iRuU5wTdpRy3GddaSJVu+ytpeJvKlOycu8kuTHe5S1pwMWf45wE1d3CYaF4upcrlZNJp7GJLezQOPdRwgkqqJL1DR7xhGetod1qd9r9Z6qWSjTr+La0hw83FJdP</latexit><latexit sha1_base64="u5QNFssLYL0qmwR5eQkhZnTbciQ=">AAAC2HicjVHLTsJAFD3UF+ILHzs3jcTEBSHFmKg7xI1LjCIkQJq2DNhQ2mY6NSJh4cq49Qvc6g8Z/0D/ wjtjSVRidJq2Z86958zce+3QcyNhGK8pbWp6ZnYuPZ9ZWFxaXsmurl1EQcwdVnUCL+B124qY5/qsKlzhsXrImdW3PVaze8cyXrtiPHID/1wMQtbqW13f7biOJYgysxuheZQPzXL+zGwKdi2GnHkjM5szCoZa+iQoJiCHZFWC7AuaaCOAgxh9MPgQhD1YiOhpoAgDIXEtDInjhFwVZxghQ9qYshhlWMT26NulXSNhfdpLz0ipHTrFo5eTUsc2aQLK44Tlab qKx8pZsr95D5WnvNuA/nbi1SdW4JLYv3TjzP/qZC0CHRyoGlyqKVSMrM5JXGLVFXlz/UtVghxC4iRuU5wTdpRy3GddaSJVu+ytpeJvKlOycu8kuTHe5S1pwMWf45wE1d3CYaF4upcrlZNJp7GJLezQOPdRwgkqqJL1DR7xhGetod1qd9r9Z6qWSjTr+La0hw83FJdP</latexit>
interaction o↵
<latexit sha1_base64="/p7moGSWtvL3FRgxuKFW3C1PF1A=">AAAC/HicjVHBTttAEH2Y0lJK29Aee7EaVeoBRbaJSLihcumRSh iQkiiyN5t0Fce21mskZEX8CTdOiCtfwJVeq/5B+xfMLEaCItSuZfvNm3lvd3biPFGF8bxfC87is6XnL5Zfrrxaff3mbWPt3X6RlVrIUGRJpg/jqJCJSmVolEnkYa5lNIsTeRBPdzh/cCR1obJ0zxzncjCLJqkaKxEZooaNrkqN1JHgyK361rCnJ/Gg8lpb3c2gvbnutTyv 4wc+g6DT3mjPs/F4Pmw0OcHLfQz8GjRRr92s8RN9jJBBoMQMEikM4QQRCnp68OEhJ26AijhNSNm8xBwrpC2pSlJFROyUvhOKejWbUsyehVUL2iWhV5PSxSfSZFSnCfNurs2X1pnZp7wr68lnO6Z/XHvNiDX4Tuy/dHeV/6vjXgzG6NoeFPWUW4a7E7VLaW+FT+7e68qQQ04 c4xHlNWFhlXf37FpNYXvnu41s/retZJZjUdeW+MOnpAH7f4/zMQiD1lbL/xY0t7/Uk17GB3zEZxpnB9v4il2EZH2KK1zjh3PinDnnzsVtqbNQa97jwXIubwDeMaKb</latexit><latexit sha1_base64="/p7moGSWtvL3FRgxuKFW3C1PF1A=">AAAC/HicjVHBTttAEH2Y0lJK29Aee7EaVeoBRbaJSLihcumRSh iQkiiyN5t0Fce21mskZEX8CTdOiCtfwJVeq/5B+xfMLEaCItSuZfvNm3lvd3biPFGF8bxfC87is6XnL5Zfrrxaff3mbWPt3X6RlVrIUGRJpg/jqJCJSmVolEnkYa5lNIsTeRBPdzh/cCR1obJ0zxzncjCLJqkaKxEZooaNrkqN1JHgyK361rCnJ/Gg8lpb3c2gvbnutTyv 4wc+g6DT3mjPs/F4Pmw0OcHLfQz8GjRRr92s8RN9jJBBoMQMEikM4QQRCnp68OEhJ26AijhNSNm8xBwrpC2pSlJFROyUvhOKejWbUsyehVUL2iWhV5PSxSfSZFSnCfNurs2X1pnZp7wr68lnO6Z/XHvNiDX4Tuy/dHeV/6vjXgzG6NoeFPWUW4a7E7VLaW+FT+7e68qQQ04 c4xHlNWFhlXf37FpNYXvnu41s/retZJZjUdeW+MOnpAH7f4/zMQiD1lbL/xY0t7/Uk17GB3zEZxpnB9v4il2EZH2KK1zjh3PinDnnzsVtqbNQa97jwXIubwDeMaKb</latexit><latexit sha1_base64="/p7moGSWtvL3FRgxuKFW3C1PF1A=">AAAC/HicjVHBTttAEH2Y0lJK29Aee7EaVeoBRbaJSLihcumRSh iQkiiyN5t0Fce21mskZEX8CTdOiCtfwJVeq/5B+xfMLEaCItSuZfvNm3lvd3biPFGF8bxfC87is6XnL5Zfrrxaff3mbWPt3X6RlVrIUGRJpg/jqJCJSmVolEnkYa5lNIsTeRBPdzh/cCR1obJ0zxzncjCLJqkaKxEZooaNrkqN1JHgyK361rCnJ/Gg8lpb3c2gvbnutTyv 4wc+g6DT3mjPs/F4Pmw0OcHLfQz8GjRRr92s8RN9jJBBoMQMEikM4QQRCnp68OEhJ26AijhNSNm8xBwrpC2pSlJFROyUvhOKejWbUsyehVUL2iWhV5PSxSfSZFSnCfNurs2X1pnZp7wr68lnO6Z/XHvNiDX4Tuy/dHeV/6vjXgzG6NoeFPWUW4a7E7VLaW+FT+7e68qQQ04 c4xHlNWFhlXf37FpNYXvnu41s/retZJZjUdeW+MOnpAH7f4/zMQiD1lbL/xY0t7/Uk17GB3zEZxpnB9v4il2EZH2KK1zjh3PinDnnzsVtqbNQa97jwXIubwDeMaKb</latexit><latexit sha1_base64="/p7moGSWtvL3FRgxuKFW3C1PF1A=">AAAC/HicjVHBTttAEH2Y0lJK29Aee7EaVeoBRbaJSLihcumRSh iQkiiyN5t0Fce21mskZEX8CTdOiCtfwJVeq/5B+xfMLEaCItSuZfvNm3lvd3biPFGF8bxfC87is6XnL5Zfrrxaff3mbWPt3X6RlVrIUGRJpg/jqJCJSmVolEnkYa5lNIsTeRBPdzh/cCR1obJ0zxzncjCLJqkaKxEZooaNrkqN1JHgyK361rCnJ/Gg8lpb3c2gvbnutTyv 4wc+g6DT3mjPs/F4Pmw0OcHLfQz8GjRRr92s8RN9jJBBoMQMEikM4QQRCnp68OEhJ26AijhNSNm8xBwrpC2pSlJFROyUvhOKejWbUsyehVUL2iWhV5PSxSfSZFSnCfNurs2X1pnZp7wr68lnO6Z/XHvNiDX4Tuy/dHeV/6vjXgzG6NoeFPWUW4a7E7VLaW+FT+7e68qQQ04 c4xHlNWFhlXf37FpNYXvnu41s/retZJZjUdeW+MOnpAH7f4/zMQiD1lbL/xY0t7/Uk17GB3zEZxpnB9v4il2EZH2KK1zjh3PinDnnzsVtqbNQa97jwXIubwDeMaKb</latexit>
(a)
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interaction on
<latexit sha1_base64="Vh4wIlJctwj/KAHr6tGuDvvtsOQ=">AAAC+3icjVHLSsNAFD2N73fVpZtgEVxISdra2p3oxqWCVaEWS caxDqZJmEyEUuqfuHMlbv0Ct7oW/0D/wjtjCj4QnZDk3HPvOTN3rh8HIlGO85KzhoZHRsfGJyanpmdm5/LzCwdJlErGGywKInnkewkPRMgbSqiAH8WSex0/4If+xbbOH15ymYgo3FfdmLc6XjsUZ4J5iqiTfE2EikuP6cjuHRvDpmz7rZ5TdMtuubK+5hTr9Xq1ViPglMr VUqUfhf2TfIFCs+yfwM1AAdnajfLPOMYpIjCk6IAjhCIcwENCTxMuHMTEtdAjThISJs/RxyRpU6riVOERe0HfNkXNjA0p1p6JUTPaJaBXktLGCmkiqpOE9W62yafGWbO/efeMpz5bl/5+5tUhVuGc2L90g8r/6nQvCmfYMD0I6ik2jO6OZS6puRV9cvtTV4ocYuI0PqW8 JMyMcnDPttEkpnd9t57Jv5pKzeqYZbUp3vQpacDu93H+BI1SsV5090qFza1s0uNYwjJWaZw1bGIHu2iQ9TUe8Ign68q6sW6tu49SK5dpFvFlWffv6++iQg==</latexit><latexit sha1_base64="Vh4wIlJctwj/KAHr6tGuDvvtsOQ=">AAAC+3icjVHLSsNAFD2N73fVpZtgEVxISdra2p3oxqWCVaEWS caxDqZJmEyEUuqfuHMlbv0Ct7oW/0D/wjtjCj4QnZDk3HPvOTN3rh8HIlGO85KzhoZHRsfGJyanpmdm5/LzCwdJlErGGywKInnkewkPRMgbSqiAH8WSex0/4If+xbbOH15ymYgo3FfdmLc6XjsUZ4J5iqiTfE2EikuP6cjuHRvDpmz7rZ5TdMtuubK+5hTr9Xq1ViPglMr VUqUfhf2TfIFCs+yfwM1AAdnajfLPOMYpIjCk6IAjhCIcwENCTxMuHMTEtdAjThISJs/RxyRpU6riVOERe0HfNkXNjA0p1p6JUTPaJaBXktLGCmkiqpOE9W62yafGWbO/efeMpz5bl/5+5tUhVuGc2L90g8r/6nQvCmfYMD0I6ik2jO6OZS6puRV9cvtTV4ocYuI0PqW8 JMyMcnDPttEkpnd9t57Jv5pKzeqYZbUp3vQpacDu93H+BI1SsV5090qFza1s0uNYwjJWaZw1bGIHu2iQ9TUe8Ign68q6sW6tu49SK5dpFvFlWffv6++iQg==</latexit><latexit sha1_base64="Vh4wIlJctwj/KAHr6tGuDvvtsOQ=">AAAC+3icjVHLSsNAFD2N73fVpZtgEVxISdra2p3oxqWCVaEWS caxDqZJmEyEUuqfuHMlbv0Ct7oW/0D/wjtjCj4QnZDk3HPvOTN3rh8HIlGO85KzhoZHRsfGJyanpmdm5/LzCwdJlErGGywKInnkewkPRMgbSqiAH8WSex0/4If+xbbOH15ymYgo3FfdmLc6XjsUZ4J5iqiTfE2EikuP6cjuHRvDpmz7rZ5TdMtuubK+5hTr9Xq1ViPglMr VUqUfhf2TfIFCs+yfwM1AAdnajfLPOMYpIjCk6IAjhCIcwENCTxMuHMTEtdAjThISJs/RxyRpU6riVOERe0HfNkXNjA0p1p6JUTPaJaBXktLGCmkiqpOE9W62yafGWbO/efeMpz5bl/5+5tUhVuGc2L90g8r/6nQvCmfYMD0I6ik2jO6OZS6puRV9cvtTV4ocYuI0PqW8 JMyMcnDPttEkpnd9t57Jv5pKzeqYZbUp3vQpacDu93H+BI1SsV5090qFza1s0uNYwjJWaZw1bGIHu2iQ9TUe8Ign68q6sW6tu49SK5dpFvFlWffv6++iQg==</latexit><latexit sha1_base64="Vh4wIlJctwj/KAHr6tGuDvvtsOQ=">AAAC+3icjVHLSsNAFD2N73fVpZtgEVxISdra2p3oxqWCVaEWS caxDqZJmEyEUuqfuHMlbv0Ct7oW/0D/wjtjCj4QnZDk3HPvOTN3rh8HIlGO85KzhoZHRsfGJyanpmdm5/LzCwdJlErGGywKInnkewkPRMgbSqiAH8WSex0/4If+xbbOH15ymYgo3FfdmLc6XjsUZ4J5iqiTfE2EikuP6cjuHRvDpmz7rZ5TdMtuubK+5hTr9Xq1ViPglMr VUqUfhf2TfIFCs+yfwM1AAdnajfLPOMYpIjCk6IAjhCIcwENCTxMuHMTEtdAjThISJs/RxyRpU6riVOERe0HfNkXNjA0p1p6JUTPaJaBXktLGCmkiqpOE9W62yafGWbO/efeMpz5bl/5+5tUhVuGc2L90g8r/6nQvCmfYMD0I6ik2jO6OZS6puRV9cvtTV4ocYuI0PqW8 JMyMcnDPttEkpnd9t57Jv5pKzeqYZbUp3vQpacDu93H+BI1SsV5090qFza1s0uNYwjJWaZw1bGIHu2iQ9TUe8Ign68q6sW6tu49SK5dpFvFlWffv6++iQg==</latexit>
QA
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FIG. 2. Quantum synchronization for γgA/γ
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both spins are stabilized to the equator without any phase
preference as shown by the sphere projection of their indi-
vidual Q functions. Consequently, their phases are uniformly
distributed (pA = pB = 0) and uncorrelated (Srel = 0). (b)
Switching on the interaction to ε = 0.1γdA in the resonant
case ωA = ωB , the distribution of the relative phase is peaked
around φ = 0, corresponding to in-phase locking of the spins.
spin being diagonal and therefore phase symmetric, a fea-
ture previously identified in the case of two coupled Van
der Pol oscillators [4]. It can be understood in physical
terms: as opposed to the synchronization of a single unit
to an external coherent signal, the current system does
not possess any phase reference. The spins therefore lock
relatively to each other in a rotationally-invariant way.
If one of the spins is traced out from the system, we con-
sequently loose all the information on the relative phase
and the remaining spin could be locked to any angle in
a uniform way. We thus recover the initial limit cycle,
which is not a coincidence but crucially follows from the
requirement of not deforming it (moving away from the
equator) when attempting to synchronize its phase [1].
As expected from the general framework of synchro-
nization, phase locking is found to survive upon detun-
ing the frequency of the spins. Specifically, the stronger
the interaction strength, the larger the range of detuning
leading to significant localization of the relative phase,
yielding the Arnold tongue shown in Fig. 3(a). In fact, we
find that the performance achieved for the present choice
of parameters is comparable to that obtained in the case
of a single spin subjected to an external signal [7]. It
is well-known that for classical systems [1], these two
scenarios are characterized by the same dynamical equa-
tion, describing in one case the relative phase between
the spins, and in the other case the phase of the single
externally-locked spin. To explore whether this holds in
our quantum setup, we now turn to analytics.
Synchronization being a perturbation effect, its fea-
tures can be captured by performing a first-order expan-
sion in the interaction strength ε. We thus expand the
state of the system around the initial uncorrelated limit
cycles as ρˆ(t) ≈ ρˆ0 + εµˆ(t) with Tr[µˆ] = 0. Discarding
3�
�����
�����
�����
�����
pA
<latexit sha1_base64="bJuB AayhKt52a965L1fNplVfi7s=">AAAC7HicjVHLTsJAFD3UF+Kr6 tJNIzFhYUgxJMgOdeMSExESIKQtAzaUtplOTQjhF9y5Mm79Arf6 G8Y/0L/wzlASlRi9Tdsz595zZu5cO/TcSJjmW0pbWFxaXkmvZtb WNza39O2dqyiIucNqTuAFvGFbEfNcn9WEKzzWCDmzhrbH6vbgT ObrN4xHbuBfilHI2kOr77s917EEUR09N24pkybv2+2xmS+rOJyC UlGC0iTsnEw6etbMmyqMeVBIQBZJVAP9FS10EcBBjCEYfAjCHix E9DRRgImQuDbGxHFCrsozTJAhbUxVjCosYgf07dOqmbA+raVnpN QO7eLRy0lp4IA0AdVxwnI3Q+Vj5SzZ37zHylOebUR/O/EaEitwT exfulnlf3WyF4EejlUPLvUUKkZ25yQusboVeXLjS1eCHELiJO5S nhN2lHJ2z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36Ocx7UjvL lfOGimK2cJpNOYw/7yNE4S6jgHFXUyPoWT3jGixZod9q99jAt1V KJZhffQnv8BG1+nIU=</latexit><latexit sha1_base64="bJuB AayhKt52a965L1fNplVfi7s=">AAAC7HicjVHLTsJAFD3UF+Kr6 tJNIzFhYUgxJMgOdeMSExESIKQtAzaUtplOTQjhF9y5Mm79Arf6 G8Y/0L/wzlASlRi9Tdsz595zZu5cO/TcSJjmW0pbWFxaXkmvZtb WNza39O2dqyiIucNqTuAFvGFbEfNcn9WEKzzWCDmzhrbH6vbgT ObrN4xHbuBfilHI2kOr77s917EEUR09N24pkybv2+2xmS+rOJyC UlGC0iTsnEw6etbMmyqMeVBIQBZJVAP9FS10EcBBjCEYfAjCHix E9DRRgImQuDbGxHFCrsozTJAhbUxVjCosYgf07dOqmbA+raVnpN QO7eLRy0lp4IA0AdVxwnI3Q+Vj5SzZ37zHylOebUR/O/EaEitwT exfulnlf3WyF4EejlUPLvUUKkZ25yQusboVeXLjS1eCHELiJO5S nhN2lHJ2z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36Ocx7UjvL lfOGimK2cJpNOYw/7yNE4S6jgHFXUyPoWT3jGixZod9q99jAt1V KJZhffQnv8BG1+nIU=</latexit><latexit sha1_base64="bJuB AayhKt52a965L1fNplVfi7s=">AAAC7HicjVHLTsJAFD3UF+Kr6 tJNIzFhYUgxJMgOdeMSExESIKQtAzaUtplOTQjhF9y5Mm79Arf6 G8Y/0L/wzlASlRi9Tdsz595zZu5cO/TcSJjmW0pbWFxaXkmvZtb WNza39O2dqyiIucNqTuAFvGFbEfNcn9WEKzzWCDmzhrbH6vbgT ObrN4xHbuBfilHI2kOr77s917EEUR09N24pkybv2+2xmS+rOJyC UlGC0iTsnEw6etbMmyqMeVBIQBZJVAP9FS10EcBBjCEYfAjCHix E9DRRgImQuDbGxHFCrsozTJAhbUxVjCosYgf07dOqmbA+raVnpN QO7eLRy0lp4IA0AdVxwnI3Q+Vj5SzZ37zHylOebUR/O/EaEitwT exfulnlf3WyF4EejlUPLvUUKkZ25yQusboVeXLjS1eCHELiJO5S nhN2lHJ2z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36Ocx7UjvL lfOGimK2cJpNOYw/7yNE4S6jgHFXUyPoWT3jGixZod9q99jAt1V KJZhffQnv8BG1+nIU=</latexit><latexit sha1_base64="bJuB AayhKt52a965L1fNplVfi7s=">AAAC7HicjVHLTsJAFD3UF+Kr6 tJNIzFhYUgxJMgOdeMSExESIKQtAzaUtplOTQjhF9y5Mm79Arf6 G8Y/0L/wzlASlRi9Tdsz595zZu5cO/TcSJjmW0pbWFxaXkmvZtb WNza39O2dqyiIucNqTuAFvGFbEfNcn9WEKzzWCDmzhrbH6vbgT ObrN4xHbuBfilHI2kOr77s917EEUR09N24pkybv2+2xmS+rOJyC UlGC0iTsnEw6etbMmyqMeVBIQBZJVAP9FS10EcBBjCEYfAjCHix E9DRRgImQuDbGxHFCrsozTJAhbUxVjCosYgf07dOqmbA+raVnpN QO7eLRy0lp4IA0AdVxwnI3Q+Vj5SzZ37zHylOebUR/O/EaEitwT exfulnlf3WyF4EejlUPLvUUKkZ25yQusboVeXLjS1eCHELiJO5S nhN2lHJ2z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36Ocx7UjvL lfOGimK2cJpNOYw/7yNE4S6jgHFXUyPoWT3jGixZod9q99jAt1V KJZhffQnv8BG1+nIU=</latexit>
pB
<latexit sha1_base64="I0tb3eNGz87JBiJ98m18m1d1O2c=" >AAAC7HicjVHLTsJAFD3UF+Kr6tJNIzFhYUgxJMiO4MYlJiIkQEhbBmwobTOdmhDCL7hzZdz6BW71N4x/oH/hnaEkKjF6m7Znzr3nz Ny5dui5kTDNt5S2tLyyupZez2xsbm3v6Lt7V1EQc4fVncALeNO2Iua5PqsLV3isGXJmjWyPNezhmcw3bhiP3MC/FOOQdUbWwHf7rmM Jorp6btJWJi0+sDsTM19WcTwDpaIEpWnYrU67etbMmyqMRVBIQBZJ1AL9FW30EMBBjBEYfAjCHixE9LRQgImQuA4mxHFCrsozTJEhb UxVjCosYof0HdCqlbA+raVnpNQO7eLRy0lp4Ig0AdVxwnI3Q+Vj5SzZ37wnylOebUx/O/EaEStwTexfunnlf3WyF4E+TlUPLvUUKk Z25yQusboVeXLjS1eCHELiJO5RnhN2lHJ+z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36OcxHUT/LlfOGimK1Uk0mncYBD5GicJVRw jhrqZH2LJzzjRQu0O+1ee5iVaqlEs49voT1+Am/enIY=</latexit><latexit sha1_base64="I0tb3eNGz87JBiJ98m18m1d1O2c=" >AAAC7HicjVHLTsJAFD3UF+Kr6tJNIzFhYUgxJMiO4MYlJiIkQEhbBmwobTOdmhDCL7hzZdz6BW71N4x/oH/hnaEkKjF6m7Znzr3nz Ny5dui5kTDNt5S2tLyyupZez2xsbm3v6Lt7V1EQc4fVncALeNO2Iua5PqsLV3isGXJmjWyPNezhmcw3bhiP3MC/FOOQdUbWwHf7rmM Jorp6btJWJi0+sDsTM19WcTwDpaIEpWnYrU67etbMmyqMRVBIQBZJ1AL9FW30EMBBjBEYfAjCHixE9LRQgImQuA4mxHFCrsozTJEhb UxVjCosYof0HdCqlbA+raVnpNQO7eLRy0lp4Ig0AdVxwnI3Q+Vj5SzZ37wnylOebUx/O/EaEStwTexfunnlf3WyF4E+TlUPLvUUKk Z25yQusboVeXLjS1eCHELiJO5RnhN2lHJ+z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36OcxHUT/LlfOGimK1Uk0mncYBD5GicJVRw jhrqZH2LJzzjRQu0O+1ee5iVaqlEs49voT1+Am/enIY=</latexit><latexit sha1_base64="I0tb3eNGz87JBiJ98m18m1d1O2c=" >AAAC7HicjVHLTsJAFD3UF+Kr6tJNIzFhYUgxJMiO4MYlJiIkQEhbBmwobTOdmhDCL7hzZdz6BW71N4x/oH/hnaEkKjF6m7Znzr3nz Ny5dui5kTDNt5S2tLyyupZez2xsbm3v6Lt7V1EQc4fVncALeNO2Iua5PqsLV3isGXJmjWyPNezhmcw3bhiP3MC/FOOQdUbWwHf7rmM Jorp6btJWJi0+sDsTM19WcTwDpaIEpWnYrU67etbMmyqMRVBIQBZJ1AL9FW30EMBBjBEYfAjCHixE9LRQgImQuA4mxHFCrsozTJEhb UxVjCosYof0HdCqlbA+raVnpNQO7eLRy0lp4Ig0AdVxwnI3Q+Vj5SzZ37wnylOebUx/O/EaEStwTexfunnlf3WyF4E+TlUPLvUUKk Z25yQusboVeXLjS1eCHELiJO5RnhN2lHJ+z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36OcxHUT/LlfOGimK1Uk0mncYBD5GicJVRw jhrqZH2LJzzjRQu0O+1ee5iVaqlEs49voT1+Am/enIY=</latexit><latexit sha1_base64="I0tb3eNGz87JBiJ98m18m1d1O2c=" >AAAC7HicjVHLTsJAFD3UF+Kr6tJNIzFhYUgxJMiO4MYlJiIkQEhbBmwobTOdmhDCL7hzZdz6BW71N4x/oH/hnaEkKjF6m7Znzr3nz Ny5dui5kTDNt5S2tLyyupZez2xsbm3v6Lt7V1EQc4fVncALeNO2Iua5PqsLV3isGXJmjWyPNezhmcw3bhiP3MC/FOOQdUbWwHf7rmM Jorp6btJWJi0+sDsTM19WcTwDpaIEpWnYrU67etbMmyqMRVBIQBZJ1AL9FW30EMBBjBEYfAjCHixE9LRQgImQuA4mxHFCrsozTJEhb UxVjCosYof0HdCqlbA+raVnpNQO7eLRy0lp4Ig0AdVxwnI3Q+Vj5SzZ37wnylOebUx/O/EaEStwTexfunnlf3WyF4E+TlUPLvUUKk Z25yQusboVeXLjS1eCHELiJO5RnhN2lHJ+z4bSRKp3ebeWyr+rSsnKtZPUxviQp6QBF36OcxHUT/LlfOGimK1Uk0mncYBD5GicJVRw jhrqZH2LJzzjRQu0O+1ee5iVaqlEs49voT1+Am/enIY=</latexit>
(a)
�
����
����
����
����
(b)
FIG. 3. (a) The Arnold tongue, obtained by varying the
interaction strength ε and detuning ∆ = ωA−ωB , for the same
parameters as in Fig. 2. The insets show that the individual
phases remain uniformly distributed (pA = pB = 0). (b) The
negativity N reproduces the Arnold tongue.
higher-order terms, the master equation (2) reads
˙ˆµ =
1
2
[
Sˆ+A Sˆ
−
B − Sˆ+B Sˆ−A , ρˆ0
]
+
∑
j=A,B
−i
[
ωjSˆ
z
j , µˆ
]
+ Lj µˆ.
(4)
The first term is a constant drive of the coherences
µ± = 〈±1,∓1|µˆ|0, 0〉 by the interaction Hamiltonian (1).
The second term rotates these coherences in the com-
plex plane without coupling different matrix elements
while the last term acts as a damping. We have thus
reduced the problem of solving a master equation in a
9-dimensional Hilbert space to a set of two first-order dif-
ferential equations for the non-trivial terms of the density
matrix.
With this analytical description at hand, we can now
derive the dynamics of the phase locking (3) as
S˙rel(φ) ≈ 9piε
128
Re
[
eiφ(µ˙+ + µ˙
∗
−)
]
(5)
=
9piε
128
(
e−(γ
d
A+γ
g
B)t/2 − e−(γgA+γdB)t/2
)
cos(φ−∆t),
where the approximate sign is a reminder that this re-
sult holds only within the perturbation regime of inter-
est. This is one of the main results of our Letter. As
previously suspected from the numerics, this expression
is of the same form as in the case of synchronization to an
external signal [7], up to a constant factor and the spe-
cific rates appearing in the exponentials. Yet, as we will
show below, applying a semi-classical signal and coupling
to a quantum system are not equivalent in the context of
phase locking.
We focus here on the resonant case ∆ = 0 for which the
coherences are real numbers with µ+ ≥ 0 ≥ µ−. The syn-
chronization measure is then proportional to their sum
S∆=0rel (φ) ≈
9piε
128
(µ+ + µ−) cosφ (6)
steady−state−−−−−−−−→ 9piε
128
(
2
γdA + γ
g
B
− 2
γgA + γ
d
B
)
cosφ.
Firstly, we find that the measure vanishes for spins with
identical limit cycles γdA = γ
d
B and γ
g
A = γ
g
B . We note
that this peculiarity has been previously noticed for the
case of two Van der Pol oscillators brought to the quan-
tum limit [3, 8], leading to the suspicion that phase lock-
ing between quantum units could only be obtained via
dissipative coupling. Instead, we find that limit cycles
with reversed dissipation rates are very-well able to lock,
as illustrated in Fig. 2 where γgA = γ
d
B  γdA = γgB .
Even more remarkably, Eq. (6) demonstrates that a
balanced limit cycle γdA = γ
g
A, which was found to be un-
responsive to an external signal [7], phase locks equally
well to an unbalanced one γdB  γgB or γdB  γgB . We
thus find that a second quantum spin 1 is able to syn-
chronize a larger variety of limit cycles than if we were
to replace it by a semi-classical coherent signal. It goes
without saying that synchronization of a pair of oscilla-
tors is not a quantum effect. However, this result points
to the fact that when considering a quantum unit, one
can improve the phase locking by taking full advantage
of the quantum framework governing the system instead
of restricting parts of the setup to be classical [15].
Entanglement generation.– When discussing Fig. 2(b),
we touched on the fact that the information about syn-
chronization is contained in the state of the total system
and is lost when restricting the available knowledge to
the reduced states of the individual units. This hints
to a possible relation between the onset of synchroniza-
tion and the generation of entanglement between the
spins. On this basis, the natural question that arises
is whether one can use the presence of such correlations
as an indicator of quantum limit cycles having synchro-
nized [8]. To test this hypothesis, we employ the neg-
ativity N = (||ρˆTA ||1 − 1)/2 as a measure of entangle-
ment for our bipartite system, where ||ρˆTA ||1 is the trace
norm of the partially-transposed state [16]. We note that
there exists a zoo of measures for bipartite mixed states
which are not always equivalent and often hard to com-
pute [17]. There is no ambiguity in the present context
where both numerics and first-order analytics will indi-
cate that the state is virtually pure. Following the sug-
gestion of Ref. [10], we also consider the quantum mu-
tual information, a measure of all types of correlations
between the units given by I = S(ρˆA) + S(ρˆB) − S(ρˆ)
where S(Oˆ) stands for the von Neumann entropy.
As a first sanity check, we investigate whether these
purely information-theoretic measures are able to re-
produce the Arnold tongue. This is shown in Fig. 3,
where the negativity is found to follow the desired pat-
tern. The quantum mutual information I behaves sim-
ilarly. To confirm this visual impression, we perform a
linear regression using the least-square method over the
101×101 data points composing the plots of Fig. 3. This
yields maxSrel(φ) ≈ 0.23N with R2 ≈ 1, where a coef-
ficient of determination R2 close to unity validates the
linear relation. The entanglement measure N thus ap-
pears to have a perfect predictive power on the degree
to which the spins are phase locked. Likewise, the cor-
relations captured by the quantum mutual information
I provide a very accurate measure maxSrel(φ) ≈ 0.27I
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FIG. 4. (a) Synchronization compared with (b) negativity N
on resonance ∆ = 0 for ε = 0.1γdA and γ
g
A = γ
d
A. The numbers
in (b) indicate the Schmidt rank of the state given in Eq. (7).
The quantum mutual information I follows the same pattern
as the negativity. No phase locking would be achieved in
this regime by coupling spin A to a semi-classical coherent
signal. (c) Focusing on an extended cut of the density plots,
both I (dashed) and N (dotted) are reduced by half when
phase locking is established between the spins. The quantities
are normalized with respect to the values obtained for locked
reversed limit cycles (middle top point of Fig. 3).
with R2 ≈ 0.96. Importantly, the absence of an offset in
both cases indicates a one-to-one correspondence.
To resolve whether this constitutes a valid measure,
we turn once more to the first-order expansion, aiming
this time at establishing an analytical relation between
synchronization and entanglement. From our solution to
the recast form of the master equation (4) which depends
only on the coherences µ±, the state of the system is
readily found to be approximately in the pure entangled
state ρˆ ≈ |Ψ〉〈Ψ| where
|Ψ〉 ∝ |0, 0〉+ εµ+|1,−1〉+ εµ−|−1, 1〉. (7)
The absolute value of the coherences |µ±| are therefore
directly related to the Schmidt coefficients of the pure
state decomposition, yielding N ≈ ε(|µ+|+ |µ−|).
This result demonstrates that synchronization between
the spins cannot be established without the generation
of entanglement. But is the converse also true? Namely,
is witnessing the presence of entanglement providing a
conclusive measure of synchronization? Figure 3 points
towards a positive answer. In fact, the value of 0.23 ob-
tained numerically from the linear regression on the neg-
ativity is nothing else than the coefficient 9pi/128 ≈ 0.22
entering the synchronization measure to first order. Yet,
focusing on the resonant case to compare with Eq. (6), we
find that the negativity is proportional to the difference
between the coherences instead of their sum
N∆=0 ≈ ε (µ+ − µ−) 6= maxS
∆=0
rel (φ)
9pi/128
. (8)
Note that there is no contradiction so far as |µ+|  |µ−|
for the reversed limit cycles considered in Fig. 3. How-
ever, this result indicates that there exist regimes where
the spins can get significantly entangled without being
able to lock their relative phase.
This is illustrated in Fig. 4, where the limit cycle of
the first spin is fixed to be balanced, γdA = γ
g
A. The
information-theoretic measures manifestly differ from the
expected behavior. Starting with the second spin to be
balanced as well, we find no phase locking as the co-
herences are exactly opposed µ+ = −µ−. On the other
hand, the spins are significantly entangled with a cor-
responding Schmidt rank of 3. As we vary the rates to
unbalance the second limit cycle, synchronization gets es-
tablished as previously discussed. But at the same time
the entanglement is found to decrease, which is due to
one of the coherences being significantly reduced, and the
Schmidt rank consequently dropping to 2. Eventually, all
measures reach the same values as in the case of locked
reversed limit cycles. This shows that the presence of
entanglement and a fortiori of correlations between the
spins is not exclusively related to the onset of synchro-
nization. Reversing the premise, we note however that
synchronization is a valid witness of the entanglement
generated by the weak interaction (1), identifying cer-
tain states of Schmidt rank 2 while being blind to states
of Schmidt rank 3.
Conclusion.– We have demonstrated that two quantum
units are able to lock their phase under a weak Hamilto-
nian interaction. The spin-based architecture therefore
paves the way for the investigation of synchronization in
large quantum networks with minimal unit size. In this
context, the possibility of frustrating neighboring sites by
adjusting the way their limit cycles are stabilized to the
very same target state promises a rich collective behavior.
Our analytical description of the system also provides
access to the role played by the entanglement generated
between the spins. In particular, we have shown that
while synchronization can be used to certify the presence
of entanglement in the system, the converse is not nec-
essarily true, thereby ruling out the possibility of using
simple measures of correlations as a generic order pa-
rameter for quantum networks. Yet, there is the exciting
possibility of using the presence of phase locking as an
entanglement witness for larger networks, certifying pair-
wise or perhaps even multipartite entanglement. More-
over, the present work provides an elementary setup to
test candidates for a refined information-theoretic mea-
sure of synchronization.
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